Abstract. The Scarf complex for lattices is well understood and utilized. In 2014, the author expanded the use of the term Scarf complex to encompass an infinite set in Z n that was generated via an action of a lattice Λ ∈ Z n upon a finite subset A ⊂ N n . This paper aims to further generalize the use of Scarf complex by removing the integer lattice completely while maintaining the essence of the Scarf complex.
Introduction
Throughout the literature (e.g. [2] , [3] ), the Scarf complex of a lattice is utilized for its ability to record algebraic data in a combinatorial structure. In particular, if one has an abelian subgroup Λ of Z n that intersects the origin only at 0, then under mild conditions, the Scarf complex of Λ encodes all the information needed for the minimal free resolution of the lattice ideal I Λ = {X λ + −X λ − |λ ∈ Λ} ⊂ k[x 1 , . . . , x n ].
The Scarf complex is defined in several equivalent ways, and for the purposes of a combinatorial description, it can be obtained from the concept of neighbors in Λ.
Two elements λ 1 , λ 2 ∈ Λ are neighbors if (λ 1 ∨ λ 2 ) − N n >0 ∩ Λ = ∅. A subset A ⊆ Λ is neighborly if it is pairwise neighborly. Neighborliness is closed under taking subsets, and Scarf(Λ) = {A ⊂ Λ|A is neighborly}/Λ. We mod out by Λ to create a finite (abstract) simplicial complex.
In this paper, we will strip away the excessive structure of Z n , and concentrate on the most general definition of neighbors possible. The result will be a Scarf complex that is defined for posets. Many examples will be given with various posets.
Posets
Let (U, ) be any poset. For any element u ∈ U , we will associate the following objects:
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• ord(u) will denote the order ideal of u. That is, ord(u) = {v ∈ U |v u}.
• ∂ord(u) = {v ∈ ord(u)|v has a cover not in ord(u)} ∪ {u}.
• ord(u) Proof. We have that B is neighborly, so there exists a u ∈ U such that B ⊆ ∂ord(u) and ord(u) • ∩ A = ∅. Since B ′ ⊂ B, we also have that B ′ ⊆ ∂ord(u), and hence B ′ is also neighborly.
Remark 2.1.
(1) If we did not limit A-neighborliness to elements of A, the result would be copious extraneous neighborly pairs.
(2) In Lemma 2.1, we used the same u ∈ U to show that neighborliness is closed under taking subsets. In general posets, it is not necessary for there to be only one u to show neighborliness. This is not always the case, though. In particular, for α 1 , α 2 ∈ Z n , if α 1 − α 2 has no zero components, then the only possible u ∈ Z n that could be used for neighborliness would be α 1 ∨ α 2 .
Having shown that neighborliness is closed under taking subsets, we have the following definition. If U = Z n (or N n ), then we have the specific case studied in [1] , [2] , and [3] . We are now in a more general case, though, and we can proceed to study much more general objects.
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Examples
As motivation for this general Scarf complex, we will examine several standard posets and look at the types of complexes we can get from them.
3.1. Subsets of N n .
Because the Scarf complex has its roots in N n , it makes sense to look at some other cases in that setting. We can also create the opposite effect from Example 3.1 by creating a poset that has no covers and will result in a Scarf complex comprised entirely of singletons. 
Directed Graphs.
A type of posets that gives varied Scarf complexes is that which is associated to the collection of acyclic directed graphs. In the following examples, we will be examining some directed graphs, and in particular, we will look at directed bipartite graphs.
These graphs are exactly the Hasse diagrams of the associated posets, but because we are thinking of directed graphs in these examples, that interpretation will be unnecessary.
Let G be a directed graph with no directed cycles. If v, w are vertices of G, we say v w if w can be reached via a directed path from v. Since every vertex can be reached from itself (the path of length 0), we have that is reflexive; since G is acyclic, we have that is antisymmetric; and by construction, is transitive.
Hence, we have that (G, ) is a poset. Henceforth, when we are given a directed graph, we will automatically consider it as a poset on its vertices.
Example 3.4. Let G be the given graph.
Then we have the following covering relations:
Using these relations, we compute the order ideals, boundaries and interiors of each element.
Then we have the following Scarf complexes associated to G. Proof. We can compute it directly, using Example 3.4 as a guide. We first note that for each a i , {a i } ⊂ ∂ord(a i ) = {a i }, and also that ord(a i ) • = ∅ for all a i . Therefore, each {a i } is neighborly. It remains to show that {a i , a i+1 } is a neighborly set for i = 1, . . . , n with a n+1 identified with a Proof. We can give the proof via an algorithm.
(1) Label the vertices of X.
(2) Decompose X into maximal subsimplices. By connectedness, these will all be 2-simplices or larger.
(3) By Example 3.5, each of these simplices is realized by a k m,n for n ≥ 2.
(4) Label the k m,n 's with the labels of X on the source side, and x i on the sink side, repeating labels of X as needed, but not repeating any x i .
(5) Glue the k m,n 's together by the labels to make a directed bipartite graph G. To complete the example, we glue the bipartite graphs together along their labels to get G. We will label elements of A n as a i,j where i is the number row starting from the bottom row and counting up, and j is the number element in the i th row counting left to right. As with other posets, we have many differently shaped and sized Scarf complexes that we can obtain from A n by choosing different subsets.
Proof. Diagramatically, we have the following setup. a n−2,2 ∂ord(a n−2,2 ) a n−4,3
A
By construction,
the difference of the (n − 2) nd and (n − 4) th triangular numbers. Simplifying, |∂ord(a n−2,2 )| = 2n − 5. The diagram shows that ord(a n−2,2 ) • ∩ A = ∅, so we have a neighborly set of size 2n − 5, which gives rise to the simplex on 2n − 5 vertices as required.
We can also choose other subsets of A n to get interesting classes of Scarf complexes.
is the path on n vertices.
Proof. By direct computation, ∂ord(a 2,i ) = {a 1,i , a 1,i+1 , a 2,i } , and ord(a 2,i ) • = {} for all i = 1, n − 2. Additionally, ∂ord(a 2,1 ) = {a 1,2 , a 2,1 }, and ord(a 2,1 )
as well as ∂ord(a 2,n−1 ) = {a 1,n , a 2,n−1 }, and ord(a 2,n−1 ) • = {a 1,n }. This gives us the path on n vertices labeled by a 2,1 , a 1,2 , . . . , a 1,n−1 , a 2,n−1 .
Routine computation shows that any element of A n having any 3-element subset of A in its boundary necessary has a nonempty intersection with A.
As a final example, we have as Scarf complexes of A n the collection of disconnected complexes consisting a path of a certain length and two disconnected vertices.
is a path on n − i − 1 vertices together with 2 disjoint vertices.
Proof. We begin first with i < n − 2. For the path, we choose the elements {a i+1,2 , . . . , a i+1,n−i−1 } to take the boundaries of, and for the disjoint points, we choose the elements {a i,1 , a 1,n−i+1 }.
If i = n − 2, then we have a collection of n − 2 disjoint points. To get this, choose points {a n−1,1 , a n−1,2 }. The remainder is a routine computation.
Conclusion
Scarf complexes from posets is a very new idea, and has yet to prove to be anything more than an interesting combinatorial trick. However, the algebraic fruit borne from Scarf(Z n , Λ) when Λ is a subgroup of Z n intersecting N n only at the origin certainly warrants a detailed look at the more generalized structure.
There are several avenues the author is currently pursuing in this work. The first It is the hope of the author to find algebraic structures generalizing the resolutions of monomial and binomial ideals that mirror the generalization on the combinatorial structures.
